Abstract-An advanced service provided by the Smart Transformer (ST) is the decoupling between the Medium Voltage (MV) and Low Voltage (LV) grids. In the LV side, the ST can modify the waveform's frequency in order to interact with the droop controllers of the local generators to control the power demand among the sources without affecting the MV grid. However, most of the existing controllers for power converters cannot guarantee good performances under variable frequency conditions. To address this issue, a frequency adaptive control scheme based on the Fractional-Order Repetitive Control (FORC) as well as Frequency Locked Loop (FLL) is proposed in this paper. This proposed scheme provides fast online parameter tuning capability in order to be highly adaptive to variable frequencies, and it can be implemented either in a ST converter or in distributed generators. In this work simulation and experimental results are provided to demonstrate the effectiveness and advantages of the proposed scheme.
INTRODUCTION
The increasing integration of Distributed Energy Resources (DERs) challenges the hosting capacity of distribution grids. As pointed out in recent literature, these intermittent distributed appliances will cause severe problems on the existing distribution grids in terms of voltage and current capacity limit violations, unintentional islanding, increased harmonic pollution, and reliability issue [1] [2] [3] . Moreover, these can propagate in other voltage level grids, like the MV ones. It is the case of the current imbalance in the LV grids, due to the presence of single-phase loads and generators, or voltage sags in the MV grids, that can affect sensitive loads in LV grids (e.g., data center or high-precision electronic devices).
The ST, being a three-stage power electronics-based transformer, can be the solution to the aforementioned issues. In addition to transforming the voltage levels, it also provides ancillary services to the distribution grid, both in MV and LV side: improvement of the current and voltage profile [4] , balancing services [5] [6] , and reliability improvement in the whole system [7] . In particular, the ST is able to decouple completely the LV grid from the MV grid thanks to the presence of the DC Link. While in the LV grid the ST controls the voltage waveform, in the MV grid it requests the active power demanded by the loads and regulates the injection of reactive power, (i.e. for voltage control). Of particular interest is the possibility to adapt the frequency to interact with the distributed generation [8] in order to change the power sharing between ST and distributed generation [9] [10] . It is worth noticing that this solution has very limited impact on the main grid thanks to the electrical decoupling between the MV grid and LV grid.
Currently, most of the existing controllers for power electronics converters are designed to regulate signals with fixed fundamental frequency (e.g. 50/60 Hz signals) and offer accurate voltage/current control solutions [11] . However, in ST-fed distribution grid applications with variable frequency, these conventional control schemes incur in performance degradation [12] [13] . To deal with this problem, the FractionalOrder Repetitive Control (FORC) plus Frequency Locked Loop (FLL)-based frequency adaptive control is proposed and implemented in both ST and DERs. Equipped with this proposed frequency adaptive control, the ST-fed distribution is able to modify online the power production and demand by changing the grid frequency while maintaining good performance. This paper is organized as follows: the detailed frequency control of ST-fed distribution grid is given in Section II. In Section III, the stability of the control system is investigated considering the FLL. The proposed controller has been verified in Section IV with simulations performed in PLECS and experimental results have been performed in a Real Time Dynamic Simulator (RTDS) by means of the ControlHardware-In-Loop (CHIL) method. Finally, conclusions are drawn in Section V.
II. FREQUENCY ADAPTIVE ST-FED DISTRIBUTION GRID

A. Frequency Control in Distribution Grid
Different from traditional distribution grid, the LV side voltage frequency of ST-fed distribution grid can be flexibly modified within a certain range according to the local grid codes (for example, ± 0.5Hz in Germany). Therefore, the power production and consumption of frequency-dependent appliances/loads can be adjusted as well following the frequency changes. Fig. 1 shows the power/frequency characteristics of DER and typical load in a distribution grid.
To mimic the power system inertia, the grid-interfaced power electronic converters usually adopt droop controllers reproducing the P-f droop behavior of synchronous generators used in the conventional power system [14] [15] . The P-f droop curve with inductive output impedance is shown as the red curve in Fig. 1 . Meanwhile, it is well known that the load magnitude (especially the motor load) is also strongly dependent on the system frequency as the blue curves. Within this context, the main reason to employ a frequency control is to reestablish the balance between power generation and load consumption. In the case of a load increment ΔP (for example, from load curve 1 to curve 2), if the distribution grid decreases its frequency from ω 1 to ω 2 , the contribution of DER will increase while the load consumption will decrease. The frequency will continuously decrease until a new power balance between power production and consumption is established, and vice versa. Two main advantages are provided by the frequency control: 1) the current flow through the transformer can be limited to avoid overloads; 2) the power rating of controllable load or storage systems installed in a distribution grid can be partly reduced according to the droop coefficients of DERs and loads. The simplified system configuration of the ST-fed distribution grid with the frequency control scheme is presented in Fig. 2 . Droop control is employed both in ST and DER to provide frequency and power reference, respectively. In normal operation scenario, both the frequency and voltage amplitude of the LV side of the ST are kept constant at their nominal values. When the load increases, the frequency of LV side will be regulated following the droop curve as soon as the RMS current of ST exceeds the security limit. On the other hand, the variable frequency will be detected by the FLL of DER, whose dynamic response is much faster than the maximum rate of grid frequency [16] . According to the P-f droop curve, the DER is solicited to output desired real power/current under variable frequency condition.
B. Frequency Aaptive Control Strategy
To achieve good control performance, a frequency-adaptive voltage/current control scheme is proposed for both the ST LV side inverter and the DER grid-interfaced inverter. The overall control system is presented in Fig. 3(a) , in which a FORC controller G forc (z ) are the tracking error and the FORC output. Study cases on the FORC-based system have been done in literature for several power applications, such as the grid-interfaced power converters [13] , programmable AC power supply [12] , active power filters [17] , and active noise cancelations. The main idea of FORC controller is derived from Conventional Repetitive Control (CRC), whose transfer function is
where k r is the control gain; Q(z −1 ) is the transfer function of a low-pass filter that improves the system stability; N is the order of CRC and can be expressed as f s / f. Here, f s and f are the sampling frequency and fundamental frequency, respectively. When f is fixed, a proper choice of f s allows to make sure that N is an integer value. However, when the fundamental frequency is variable, the N would often be fractional in the case of fixed sampling rate. A fractional order N which indicates a Fractional Delay (FD) cannot be directly implemented in the practical digital controller. To address this issue, the FORC with a fixed sampling rate is proposed and the schematic diagram of the proposed control system is shown in Fig. 3(b) , where
) is the transfer functions of a phase lead compensation filter, N i and F are the integral and fraction orders of FORC (N = N i + F).
As mentioned before, the main problem is to properly deal with the potential FD in a FORC system caused by the timevarying fundamental frequency. According to the FD filters design method [18] [19] , the FD z −F of Fig. 3 (b) can be approximated by a Lagrange Interpolation polynomial FiniteImpulse-Response (FIR) filter as following
where k ∈ Ν, and the Lagrange coefficient A k of (2) can be calculated as (2) and (3) into (1), the transfer function of FORC will be obtained as following
According to the properties of the Lagrange Interpolation polynomial, there is always an approximation remainder between the theoretical FD and the polynomial. The remainder term of FD can be written as follows
where ξ ∈ [T k , T k+1 ] with T k and T k+1 being the kth and k + 1th sampling intervals, respectively. Fig. 4(a) compares the magnitude responses of Lagrange Interpolation-based FD with different polynomial degrees. With the increase of the polynomial degree n, better approximation accuracy can be achieved. It can be seen that the approximated FIR filter with the degree n ≥ 2 can achieve a good approximation towards the FD z −F within the Nyquist frequency. For example, the magnitudes are close to the nominal value (abs = 1) within the bandwidth of 75% Nyquist frequency when n = 3, which indicates the proposed FORC can exactly track fractional period signals within the frequency range. To evaluate the tracking ability, the approximation remainder norms of FORC with different sampling frequencies are analyzed as shown in Fig. 4(b) and also compared with those of CRC. When the fundamental frequency varies in a certain range, the remainder norms of CRC change drastically and some of them are relatively high, indicating the tracking error could not be eliminated under variable frequency condition. However, the norms of FORC always remain in a lower level at the neighborhood of fundamental frequency. In addition, the averaging norm at the frequency neighborhood will decrease when the sampling frequency increases. It can be concluded that a higher sampling frequency should be employed to reduce the RMS value of tracking error of FORC or CRC. The FORC scheme provides a general approach to track or eliminate of any periodic signal with an arbitrary fundamental frequency and fixed sampling frequency. It is evident that the transfer function (4) becomes a conventional repetitive control as (1) in the case of an integral order (F = 0). From Fig. 3(b) , it is shown that two different time scales have been utilized in the control system: 1) the changing rate of delay orders (N i and F) is highly dependent on the dynamic response of frequency detector, e.g. FLL in this case; 2) the update rate of A k depends on the sampling frequency. In the distribution grid control applications, both N i and F change relatively slowly compared with the sampling rate of the FORC system. Moreover, the Lagrange Interpolation-based FD only needs a small number of sums and multiplications for a fast online update of A k so that it can be easily implemented in the real-time control system along with high approximation accuracy.
III. STABILITY ANALYSIS
A. System Stability without FLL
The closed-loop transfer function of the frequency adaptive control system can be derived from Fig. 3(a) . Before the FORC plugs in, the transfer function of the former closed-loop system is
When the FORC is employed, the error transfer function of the overall system can be derived as following
From (7), the FORC-based frequency adaptive control system is asymptotically stable if the following two conditions hold: 1) the roots of 1 + G c (z
) = 0 are inside the unity circle; 2) the roots of
are inside the unity circle.
The first stability condition requests the former closed-loop system to be stable before the FORC plugs in. The second stability condition can be rewritten as 
As seen from Fig. 4(b) , the magnitudes of FIR filters are always closed to 1 within the band-pass, so that
Substituting (9) into (8), it can be seen that the stability condition of FORC-based system turns to be the same as that of CRC systems. Moreover, considering that the characteristics of the proposed FD filter is way similar to that of Q(z ). In the normal conditions, since the cut-off frequency of Q(z −1 ) is usually lower than the bandwidth of the FD, the characteristics of Q(z −1 ) is more decisive to the system stability. With this consideration, most of design criteria of the well-known CRC-based systems can be also used for the FORC analysis and design.
B. System Stability with FLL
As discussed in Section III-B, a FLL is employed in DER to provide the real-time measurement of frequency for the online update of the Lagrange coefficients. With properly designed parameters, FLL can provide faster dynamic response than other phase locked loops under variable frequency conditions [20] . For example, the gains of FLL k = 2 and γ = 100 are used in our system and the detailed characteristics are shown in TABLE I. According to the FLL characteristics, the settling time is around 50ms which is much faster than the maximum rate of grid frequency variation (e. g. 1 Hz/s) and much slower than the sampling frequency of the current loop of DER system (typically from 5 kHz to 20 kHz). Considering a 5 kHz sampling frequency system as an example, in case of 1 Hz frequency variation, the FLL takes 500 ms to increase or decrease the order of integer delay N i by 1, and at the same time the order of fractional delay would change only 4 × 10 into (3), the variations of A k are less than 1 × 10 −4 . In other words, the change of the Lagrange coefficients in one sampling interval is negligible so that has very limited effects on the FORC output As a result, the overall control system can be treated as a Linear Time-Invariant (LTI) system in the stability analysis. With these considerations, a schematic diagram of the overall system is shown in Fig. 5 , where an outer-loop incorporating the FLL is added, and the input signal R is the amplitude of the reference, v pcc is the PCC voltage. It is worth noting that the stability conditions in Section III-A are derived from the generic closed-loop system so that they are still applicable to the FLL-considered system. However, the closed-loop transfer function of (6) needs to be revised as following:
where
) is the transfer function of FLL and its s-domain representation is given in (11) . From [16] , it can be seen that the FLL behaves as a nonlinear system. To obtain the transfer function, linearization procedure must be carried out and the transfer function can be derived as follows 
where k and γ are the gains of FLL, which are 2 and 100, respectively, for the 47-52Hz applications, ω 0 is the fundamental frequency with 50Hz. Discretizing (11) and substituting that into (10), a pole-map can be drawn based on the transfer function of (10) and shown in Fig. 6 . Compared with the pole-map of the control system without FLL, three additional poles (red poles) are introduced and are on the left half plane which fulfills the first stability condition. It can be seen that the system with a FLL has lower bandwidth but better rejection of grid disturbances. 
A. Simulation Results
To validate the proposed strategy, the ST-fed distribution grid of Fig. 2 has been simulated. The nominal voltage of ST LV side is 230V (RMS), 50Hz, and the security limit of the ST LV side current is set as 14.2A (RMS) in this study case. As first approximation, it has been assumed that both the voltage and current of ST LV side are sinusoidal, thus the RMS values are adopted for the thresholds of frequency control. The power generation of DER is 3.5kW (Power Factor (PF) = 1) at the nominal frequency, and it is connected to the Point of Common Coupling (PCC) via a feeder, whose line impedance is Z g = 0.03 + j0.06 Ω. The total load demand is 7kW (PF = 0.85), while the linear load and nonlinear load demands are both 3.5kW. At t = 0.5s, the total load demand increases from 7kW to 8.75kW. As soon as the ST LV side current exceeds the security limit, the frequency control is activated. As shown in Fig. 7(a) , the current of the ST LV side decreases till below the security limit and reaches its new steady-state by means of frequency control. At the same time, the voltage amplitude of ST reverts to its normal state in less than one cycle and remains the same during all the frequency control stage. Fig. 7(b) shows frequency and power production details during the frequency control stage. When the load increases, the frequency reference of ST LV side voltage starts to decrease (with the rate of 0.28Hz/sec) instantaneously in order to reestablish the power balance within the distribution grid. After the frequency drop, the FLL can fast and accurately respond to the frequency variation and provides good frequency performance to the DER. Following the frequency, the power production of DER proportionally increases according to the given P-f droop curve. At t = 1.2s, the power balance of the distribution grid is established again and the final frequency holds the line of 49.8Hz. 
B. Experimental Results
The effectiveness of the FORC controller has been validated experimentally by means the Control Hardware InLoop method using RTDS. This method allows simulating the converter behavior using a real controller implemented in an external device. The lab facility that performs this experiment is shown in Fig. 9 . The voltage measurement at the ST bus are taken from the RTDS and sent to the dSPACE, where the control is implemented. The dSPACE system reads the new voltage measurements and generates the PWM signals for RTDS by the designed controller. Here the PWM signals are directly imposed to the ST LV side simulated in a small-time step subsystem. This enables a more realistic simulation of the power semiconductors, due to the reduced time steps (1-2 µs) with respect to the main grid (50 µs). The LV grid implemented in RTDS is a modified European LV distribution network benchmark [21] , shown in Fig. 9 as well. With respect to the original grid the loads are balanced and the wind turbine has been neglected in order to reduce the computational effort in RTDS. The controls of local PV and battery systems have been simplified and the frequency-adaptive control scheme and FLL have not been utilized in this grid. The effectiveness of the proposed method has been proved in presence of disturbances, as a three-phase 5th harmonic current source of 10 A, simulating a non-linear load, installed at the bus 14.
The experimental results have been carried out comparing the performances of the CRC and the FORC in nominal conditions (50 Hz) and with lower grid frequency (49.8 Hz). When the FORC is implemented in the ST control the amplitude is kept to the nominal value of 325V peak and no harmonic content is present in the voltage waveform. Similar consideration can be drawn from the current waveform analysis. Although the performance is similar at the nominal frequency, Fig. 11(a) and (c), the amplitude of the current is heavily affected when the CRC is applied.
Taken in account the constant impedance nature of the loads installed in the simulated grid, a lower voltage value leads to a lower current request from the loads, affecting the power quality. When the FORC is employed as controller, the current has the same amplitude of the 50 Hz case, guaranteeing the same power quality standard like the 50 Hz case.
V. CONCLUSIONS
This paper proposed a frequency-adaptive ST-fed distribution grid. In this scenario, the ST is able to flexibly modify the LV side frequency with the purpose of avoiding overload and reducing the power rating of controllable load or storage system. The proposed FORC technology ensures better performance of the ST and the power electronics interfacedDERs in the distribution grid under variable frequency condition. Comprehensive control design and stability analysis considering FLL are presented in this paper. A study case of the proposed frequency-adaptive ST-fed distribution grid is performed in both the simulation and experiment platform. The results prove the power sharing ability of frequency-adaptive ST-fed distribution grid and the effectiveness of the proposed control strategy under variable frequency conditions. 
